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1 Games and Values
1.1 game




$(A, \varphi_{A})$ $A$ $\varphi_{A}(a)$ $a$
$a_{i+1}\in\varphi_{A}(a_{i})(i=0,1,2, \ldots)$ $a_{0},$ $a_{1},$ $a_{2},$ $\ldots$ $a_{O}$
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$(A,\varphi_{A})$ $A$ $\mathcal{O}$ $\mathcal{V}_{A}$ : $Aarrow \mathcal{O}$
$\mathcal{V}_{A}(a)=\min\{\mathcal{O}\backslash \{\mathcal{V}_{A}(a’)|a’\in\varphi(a)\}\}$ , $a\in A$
$\mathcal{V}_{A}$ $(A, \varphi_{A})$ (Sprague-Grundy fund-
tion), $\mathcal{V}_{A}(a)$ $a\in A$ $(Sprague-Grundy$ value $)$
( )
$a\in A$ $\varphi_{A}(a)$
$a\in A$ $\mathcal{V}_{A}(a)$ $\mathcal{V}_{A}$ $0$ $\mathbb{N}_{0}$
0 $O$ No
Theorem 1.1 (R. P. Sprague, P. M. Grundy)















$\gamma$ [1]. $\beta=q_{\mu}(\alpha),$ $\gamma=r_{\mu}(\alpha)$
25
$(A, \varphi_{A})$ $0$ $\mu$ 2 $Q_{\mu}\varphi_{A},$ $R_{\mu}\varphi_{A}$ : $Aarrow 2^{A}$
$Q_{\mu}\varphi_{A}(a)=\{a’\in\varphi_{A}(a)|r_{\mu}(\mathcal{V}(a’))=r_{\mu}(\mathcal{V}(a))\}$ , $a\in A$
$R_{\mu}\varphi_{A}(a)=\{a’\in\varphi_{A}(a)|q_{\mu}(\mathcal{V}(a^{f}))=q_{\mu}(\mathcal{V}(a))\}$, $a\in A$




$(A, \varphi_{A})$ $a\in A$
$\mathcal{V}_{A}(a)=\mu\cdot Q_{\mu}\mathcal{V}_{A}(a)+R_{\mu}\mathcal{V}_{A}(a)$ , $R_{\mu}\mathcal{V}_{A}(a)<\mathcal{V}_{A}(a)$




$(A, \varphi_{A})$ $(A, \varphi_{1})$
$\varphi_{1}(a)\subset\varphi_{A}(a)$ , $a\in A$
$\mathcal{V}_{1}$ $(A, \varphi_{1})$ $(A, \varphi_{2})$
$\varphi_{2}(a)=\{a’\in\varphi_{A}(a)|\mathcal{V}_{1}(a’)=\mathcal{V}_{1}(a)\}$ , $a\in A$
$\mathcal{V}_{2}$
$\mu$ 2 Dl, D2
(Dl) $a\in A$ $\mathcal{V}_{2}(a)<\mu$
(D2) $a\in A$ $\gamma<\mathcal{V}_{1}(a)$
$\{\mathcal{V}_{2}(a^{f})|a^{f}\in\varphi_{A}(a), \mathcal{V}_{1}(a’)=\gamma\}=\{\alpha\in \mathcal{O}|\alpha<\mu\}$
$\mathcal{V}_{A}(a)=\mu\cdot V_{1}(a)+\mathcal{V}_{2}(a)$ , $a\in A$
$(A, \varphi_{2})$ 1 $(A, \varphi)$ $\mu$-residue






$N=\{ (a_{1}, \ldots , a_{n})|a_{i}\in \mathbb{N}_{0},1\leq i\leq n\}$
$\varphi_{N}(a_{1}, \ldots, a_{n})=\{(a_{1},$
$\ldots$ , ”, . .., $a_{n})\in N|a_{i}^{f}<a_{i}$ for some $i\}$ , $(a_{1}, \ldots, a_{n})\in N$
(nim) $V_{N}$
$a,$ $b\in \mathbb{N}0$
$q_{2^{k}}(c)\equiv q_{2^{k}}(a)+q_{2^{k}}(b)$ $mod 2$ , $k\in \mathbb{N}_{0}$
$c\in N_{0}$ $c$ $a,$ $b$
$c$ $a\oplus b$ $\oplus$ (nim
addition) $\oplus$ No
Theorem 2.1 (R. P. Sprague, P. M. Grundy)
$(N,\varphi_{N})$ $\mathcal{V}_{N}$
$\mathcal{V}_{N}(a_{1}, \ldots, a_{n})=a_{1}\oplus\cdots\oplus a_{n}$ , $(a_{1}, \ldots, a_{n})\in N$
2.2 Sato-Welter game
$(N, \varphi_{N})$ $(S, \varphi s)$
$S=\{(\alpha_{1}, \alpha_{2}, \ldots, \alpha_{n})\in N|\alpha_{i}\neq\alpha_{j}, i\neq j\}$
$\varphi s(a)=\varphi_{N}(a)\cap S$, $a\in S$
(Sato-Welter game) ( Welter $s$
game [7] ).
(3, 7, 6) $rightarrow$
$0$ 1 2 3
$\downarrow 7$ 4
4 5 6 7
(3, 4, 6) $rightarrow$
$0$ 1 2 3
$\downarrow 6$ 1







$0$ 1 2 3 4 5 6 7
$\downarrow 4$ $0$
$(2, 0,1)$
$0$ 1 2 3 4 5 6 7
( )
$rightarrow$
$0$ 1 2 3 4 5 6 7
$\downarrow 6$ 1
$rightarrow$
$0$ 1 2 3 4 5 6 7
$\mathcal{V}_{S}$
Theorem 2.2 (M. Sato (1968), C. P. Welter (1954))
$(S, \varphi_{S})$ $V_{S}$




$(m|n)=m\oplus n\oplus((m\oplus n)-1)$ , $m,$ $n\in N_{0}$
2.3 Sato-Welter game of height $2^{k}$
28
$k\in \mathbb{N}_{0}$ $(T, \varphi_{T})$
$T=\{(a_{1}, a_{2}, \ldots, a_{n})\in S|q_{2^{k}}(a_{i})\neq q_{2^{k}}(a_{j}), i\neq j\}$
$\varphi_{T}(a)=\varphi_{S}(a)\cap T$, $a\in T$




(12, 5, 27, 21, 10)
$0$ 1
$\downarrow 21$ 3





$($ 12, 4, 16, $0,8)$ $rightarrow$
01
234567
2 3 4 5 6 7
234567
2 $(T, \varphi_{T})$ $\mathcal{V}_{T}$
Theorem 2.3
$2^{k}$ - $(T, \varphi\tau)$ $(a_{1}, \ldots, a_{n})\in T$
$\mathcal{V}_{T}(a_{1}, \ldots, a_{n})=2^{k}\cdot \mathcal{V}_{S}(q_{2^{k}}(a_{1}), \ldots, q_{2^{k}}(a_{n}))+\mathcal{V}_{N}(r_{2^{k}}(a_{1}), \ldots, r_{2^{k}}(a_{n}))$
$\mathcal{V}_{T}$
$\mathcal{V}_{T}(a)=a_{1}\oplus\cdots\oplus a_{n}\oplus\sum_{i<j}^{\oplus}(q_{2^{k}}(a_{i})|q_{2^{k}}(a_{j}))$




$\varphi_{1}(a)=\{(a_{1}’, \ldots, a_{n}’)\in\varphi_{T}(a)|r_{2^{k}}(a_{i})=r_{2^{k}}(a_{i}’), 1\leq i\leq n\},$ $a=(a_{1}, \ldots,a_{n})\in T$
$f$ : $Tarrow S$
$f(a_{1}, \ldots, a_{n})=(q_{2^{k}}(a_{1}), \ldots, q_{2^{k}}(a_{n}))$ , $(a_{1}, \ldots, a_{n})\in T$
$(T,\varphi_{1})$ $(S, \varphi s)$
$(T, \varphi_{1})arrow^{f}(S, \varphi_{S})$ ,
$\mathcal{V}_{1}(a)=\mathcal{V}_{S}(f(a))$ , $a\in T$
$\varphi_{2}$ : $Tarrow 2^{T}$
$\varphi_{2}(a)=\{(a_{1}’, \ldots,a_{n}’)\in\varphi_{T}(a)|q_{2^{k}}(a_{i})=q_{2^{k}}(a_{i}’), 1\leq i\leq n\},$ $a=(a_{1}, \ldots, a_{n})\in T$
$g$ : $Tarrow N$
$g:(a_{1}, \ldots, a_{n})\mapsto(r_{2^{k}}(a_{1}), \ldots, r_{2^{k}}(a_{1}))$ , $(a_{1}, \ldots,a_{n})\in T$
$(T, \varphi_{1})$ $(N, \varphi_{N})$ $(T, \varphi_{1})arrow^{g}(N, \varphi_{N})$ ,
$\mu=2^{k}$ Theorem 1.3 $(T, \varphi_{2})$ $2^{k}$ -residue $\varphi_{3}=\varphi_{1}$
$(T, \varphi_{1})$
$2^{k}$-quotient
$(T, Q_{2^{k}}\varphi_{T})arrow^{f}(S,\varphi_{S})$ , $(T, R_{2^{k}}\varphi_{T})arrow^{g}(N, \varphi_{N})$
$\mathcal{V}_{T}(a)=2^{k}\cdot \mathcal{V}_{S}(f(a))+\mathcal{V}_{N}(g(a))$ , $a\in T$
$\alpha=2^{k}\cdot q_{2^{k}}(\alpha)\oplus r_{2^{k}}(\alpha)$ , $\alpha\in N_{0}$
3 Transfinite Sato-Welter game
3.1 transfinite nim
$(\mathcal{N}, \varphi N)$
$\mathcal{N}=\{(\alpha_{1}, \ldots, \alpha_{n})|\alpha_{i}\in \mathcal{O}, 1\leq i\leq n\}$,
$\varphi N(a)=\{(\alpha_{1},$ $\ldots,\alpha_{i}’,$
$\ldots,$




$\tau\in \mathcal{O}$ $(\mathcal{N}, \varphi_{\lambda}c)$ $(\alpha_{1}, \ldots, \alpha_{n})\in \mathcal{N}$
$\mathcal{V}_{N}(\alpha_{1}, \ldots, \alpha_{n})=2^{\tau}\cdot \mathcal{V}_{N}(q_{2^{\tau}}(\alpha_{1}), \ldots, q_{2^{\tau}}(\alpha_{n}))+\mathcal{V}_{N}(r_{2^{\tau}}(\alpha_{1}), \ldots, r_{2^{\tau}}(\alpha_{n}))$
$\mathcal{V}_{N}(\alpha_{1}, \ldots, \alpha_{n})=2\cdot \mathcal{V}_{N}(q_{2}(\alpha_{1}), \ldots, q_{2}(\alpha_{n}))+\mathcal{V}_{N}(r_{2}(\alpha_{1}), \ldots, r_{2}(\alpha_{n}))$ ,
$\mathcal{V}_{N}(\alpha_{1}, \ldots, \alpha_{n})=\omega\cdot \mathcal{V}_{N}(q_{\omega}(\alpha_{1}), \ldots,q_{\omega}(\alpha_{n}))+v_{N}(r_{\omega}(\alpha_{1}), \ldots, r_{\omega}(\alpha_{n}))$
$\omega$
$\omega=\min\{\mathcal{O}\backslash \mathbb{N}_{0}\}$
proof Theorem 2.3 Theorem 1.3
$\mu=2^{\tau}$
$\varphi_{1}$ : $Tarrow 2^{T}$
$\varphi_{1}(a)=\{(a_{1}’, \ldots, a_{n}’)\in\varphi_{T}(a)|r_{\mu}(a_{i})=r_{\mu}(a_{i}’), 1\leq i\leq n\},$ $a=(a_{1}, \ldots, a_{n})\in T$
$f:\mathcal{N}arrow \mathcal{N}:(\alpha_{1}, \ldots, \alpha_{n})\mapsto(q_{\mu}(\alpha_{1}), \ldots, q_{\mu}(\alpha_{n}))$
$(\mathcal{N}, \varphi_{1})arrow^{f}(\mathcal{N}, \varphi_{N})$
$\varphi_{2}$ : $Tarrow 2^{T}$
$\varphi_{2}(a)=\{(a_{1}^{f}, \ldots, a_{n}^{f})\in\varphi_{T}(a)|q_{\mu}(a_{i})=q_{\mu}(a_{i}’), 1\leq i\leq n\},$ $a=(a_{1}, \ldots, a_{n})\in T$
$g:\mathcal{N}arrow \mathcal{N}:(\alpha_{1}, \ldots, \alpha_{n})\mapsto(r_{\mu}(\alpha_{1}), \ldots, r_{\mu}(\alpha_{1}))$
$(\mathcal{N}, \varphi_{2})arrow^{g}(\mathcal{N}, \varphi_{N})$
Theorem 1.3 $\varphi_{3}=\varphi_{1}$ $(\mathcal{N}, \varphi_{2})$ $\mu$-quotient, $(\mathcal{N}, \varphi_{1})$
$\mu$-residue
$(\mathcal{N}, Q_{\mu}\varphi_{N})arrow^{f}(\mathcal{N}, \varphi_{N})$ , $(\mathcal{N}, R_{\mu}\varphi N)arrow^{g}(\mathcal{N}, \varphi N)$
$V_{N}(a)=2^{\tau}\cdot V_{N}(f(a))+V_{N}(g(a))$ , $a\in T$
$\mathcal{V}_{N}(\alpha_{1}, \ldots, \alpha_{n})$








3.3 transfinite Sato-Welter game
$(\mathcal{N}, \varphi N)$ $(S, \varphi_{S})$
$S=\{(\alpha_{1}, \ldots,\alpha_{n})\in \mathcal{N}|\alpha_{i}\neq\alpha_{j}, i\neq j\}$ ,














(Theorem 2.2) Conway -Welter [3]
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